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This paper introduces the intersection of polynomial ideals with
parametric coefficients using Grébner systems. Building on the
existing understanding of polynomial ideals with numeric
coefficients, we propose an intersection system and its
computational algorithm that divides the parameter space into a
finite set of cells, allowing us to calculate the intersection of the
ideals within each cell. This approach enhances comprehension of
polynomials and equips researchers and engineers with tools to
gain deeper insights into mathematical models involving
parametric coefficients. Consequently, it supports thorough
examinations essential for tackling complex challenges in science
and engineering. The functionality of the proposed algorithm has
been implemented in the Maple software environment, which is
well-suited for symbolic computation. The paper presents two
examples: the first illustrates the intersection of two parametric
polynomial ideals, and the second addresses a more complex
scenario involving three such ideals. These examples showcase
the practical application and effectiveness of the algorithms,
highlighting their significance in the field. Finally, the CIS
algorithm's performance is demonstrated through
comprehensive intersection system computations on several
examples.
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EXTENDED ABSTRACT

Introduction

The main goal of this paper is to address the insufficiency and weakness of Maple
functions in computing the intersection of polynomial ideals with parametric
coefficients. This problem can be solved algorithmically by extending the procedure for
constant coefficients to parametric cases. One common method to find the intersection
of two polynomial ideals is to introduce a new variable ¢t and compute a Grébner basis
w.r.t. an elimination ordering so that a monomial containing t is greater than every
monomial that does not contain ¢t. With this monomial ordering, a Grébner basis of I N J
consists of those polynomials that do not contain ¢ in the Grobner basis of the ideal.
More precisely, if I = (f}, ..., fin) and J = (g4, ..., gn) are two polynomial ideals in the
ring R = K[xy, ..., x,], then I NJ = (tfy, ... tfi, 1 = )g1, ., (1 — ) gn) N K[xq, ..., x5 ].
This article focuses solely on the intersection of parametric polynomial ideals, which,
to our knowledge, has not been explored in the literature. The main motivation for
studying the intersection of these ideals is to address the limitations of numerical
constant-coefficient algorithms when applied to parametric cases. The following
example shows that the mentioned traditional approach for computing the intersection
may not be used for such ideals.

Example 1. Let us consider I = (—ay + x%,cy — z,bz? + x Y and ] = (bx — y?, xz — a)
are two polynomial ideals in K[a, b, c][x, y, z] where a, b, ¢ € C are parameters, and x, y,
and z are variables. In the package Polynomial Ideals in Maple, the Intersect function is
used to find the intersection of two polynomial ideals I and J. So: INnjJ =
(—abxy + ay® + bx® — x?y?,bxz® — abz? + x?z — ax,cx3z — acx?® — axz® +
a’z,axyz — x3z — a’y + ax? —b%xz? + by?z? — bx* + xy?, cxyz —acy — xz* +
az,—bcxy + cy® + bxz — y%z, —bcx® + cx?y? + abxz — ay?z,ab*x%z% — bx3yz? —
a’by?z + bx*z + a’bxy — ax?y?, b%cx?z — abcy? — bxyz? + abyz + abx —

ay? abcx? — acxy? + ay?z? — x?yz? — a’bz + x3z + a’y — ax?,—b?c?x? —

b%cxz? + bc?xy? + ab®cz — bex? + cxy? — xyz + ay, —ab?cx? — ab?xz? + abcxy? +
bx?yz? + a?b?z — bx3z — a’by + axy? ).

By substitution of a = 0, b = 1 and ¢ = 1 in the above I N J we have: I N J|,_0p=1,=1 =
(—x%y? + x3,x2% + x%z,zx3, —zx3, —zx3,y?z% + xy? — xz? — x%, xyz — xz%,y% —

y2z —xy + xz,x2y? — x3,—x3yz? + x*z, —xyz? + x%z,—x%yz? + x32,2xy? — xyz —
xz? — 2x2, x%yz? — x3z)

However, this is wrong for these values since when I|,—gp=1c=1 = (x?,2% + x,y — 2),
Jla=op=1c=1 = (xz,=y* + x) we obtain: Ha=op=1c=1 NJla=0p=1,c=1 =
(zx?,z%x,yzx, xy? — x?,y%z + x2,y% — xy + 2xz).

This example leads to the common question: If o: K[a] » K’ 2 K is a specialization
involving parameter assignments, then for which values of parameters o(INJ) =
o(I) n a(J)? To achieve this, we propose comprehensive intersection systems for two (or
more) parametric polynomial ideals and outline an algorithm for computing them. In
this procedure, we use Grobner systems.

Methodology
Applying Grobner systems to remove Maple functions' Insufficiency offers a practical
approach to tackling this problem. We can simplify the original problem by obtaining a
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finite set of triangular parametric polynomial systems and parametric conditions. The
Grobner system approach offers a systematic and reliable method for computing the
intersection of parametric polynomial ideals across various parameter assignments. As
these polynomial ideals rely on certain parameters and variables, employing
parametric Grobner bases proves useful in solving these parametric challenges.
Grobner basis is a useful generator, a key computational tool for studying polynomial
ideals, introduced and developed by Buchberger in 1965 in his PhD thesis and named
after his advisor, Wolfgang Grobner. He proposed two criteria to enhance the
performance of his algorithm. Lazard described an algorithm for computing Gréobner
bases by using linear algebra techniques. Faugére contributed to the development of
two renowned algorithms, F4 and F5, for computing Grobner bases. Given our focus on
parametric Grobner bases, particularly the Grobner system, we delve into the existing
literature on this subject. The concept of Grobner systems and the initial algorithm for
computing them were introduced by Weispfenning in 1992. Over the years, significant
progress and numerous results have been achieved in computing Grébner systems,
culminating in Dehghani's 2024 proposal of an efficient algorithm, known as the GES-
GVW-CGS algorithm, for their computation.

Results and discussion
Grobner systems find various applications in Mathematics and other scientific fields.

Specifically, we highlight their role incomputing the intersection of parametric
polynomial ideals. In this section, we introduce the concept of comprehensive
intersection systems for parametric polynomial ideals and describe an algorithm to
compute them. Initially, we address this for two parametric polynomial ideals and later
extend it to encompass a greater number of ideals.
Definition 2. Let I and J be two parametric polynomial ideals in S = K[a, x]. A finite
triple set L = {(N; ,W;,L;)} {_, is called the comprehensive intersection system of I N
J if for each i and any specialization o: K[a] - K' 2 K satisfying the parametric
constraint (N; ,W;), we have a(L;) = o(I) n a()).
Based on this definition, we can present the Intersect algorithm to compute a
comprehensive intersection system. In doing so, let I = (f3,..., f,) andJ = (gy,..., gn)
are two polynomial ideals in § = K][a, x]. We consider the ideal

H = (tf,, ..., tf,, (1 — gy, ..., (1 — t)gn) < S[t] = K[a, t.x]

and compute a Grobner system of H w.r.t. the monomial order a <;,,x <., t (the
lexicographical order in which tis greater than x and a). The polynomials in this system
that do not include the variable t in each branch will constitute a Grobner basis of I N |
while adhering to the relevant parametric conditions.
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Algorithm 1. INTERSECT

Require: I = (f},..., fn) andJ ={(gy,..., gn) Two polynomial ideals in § = K[a, x]
Ensure: A comprehensive intersection system of I N J
H:= (tf,....tfn, 1 — Ogy,...., (1L — t)gn)
L:={(N; ,W; L)}, a Grobner system of H W.I.t. a <;o X <jox t
for (N;,W;,L;) € Ldo
if L; # {1} then
L; := L; N K[a,x]; (Eliminate those elements of L; contains the variable t)
end if
end for

Return ({(N;,W;,L)} !,

Using our Maple implementation of the INTERSECT algorithm, we obtain the following
comprehensive intersection system of I N / mentioned in Example 1 as follows:

([b, a],[c], [ey’ —y*z.x2,y" x])

([c.b,a].[1]. [y*z xz,y* x])

([c. al.[b], [y*z, xz,bx" = xy"])

([b* ¢*+1.a],[1] [y* 2%, y’z,be’y" + x]).

([bl.[al. [ay?, xz* — az, xyz—ay, X’z az])

([b].[a b, b* c®y*z® cy’z — y*z% b’ y? bc’y z + xz,bc’y?z + boxy —cy® + y'z,

- byzz2 +bx® — xyz])

[b303 —1], [a,b,c],[y’z® —abz, y’z — aby, — abc’x + ac’y” + xz° —az”,—b°c’y® —b’c’xz +
bzczyzz + Xy, —bcly" - I:pzcay4 —b’cxz” +ab’cz + bxz” —abz + xz])

(. [2a2bzc(bc —1)(b2c2 +bc +1), [I:ozt:yzz5 —ab’cz” - ayzz2 + azbz, - bzyzz5 +ab’z" + ay3z - azby,

4 3 2_3 5 3_2 4 3 3.3 2 2 2_3 3 2 2
—b'c’y'z  +abc’z" +abc'x—abc’y —b'cy'z +ab’cz” —abx+ay'])

For instance, if a = 0, b = 1 and ¢ = 1 then the seventh branch corresponds to these
values of parameters (these values satisfy (N,, W5)). Therefore, L;|,-¢ p=1 =1 Will be the
intersection of the ideal /|, p=1c=1 N Jla=0p=1,c=1- SO,
IIa:O,b:l,c:l n]la:o,b:l,czl

=(y?z%, y3z —y2z2,y?z + xz,—y® + 2y%z + xy, —y?z% — xy? + x?)
The following theorem extends numeric coefficient methods to parametric coefficients
for computing the intersections of more than two parametric polynomial ideals.
Theorem 3. Let I3, Iz, ..., Ir be parametric polynomial ideals of S = K[a,x] and let

T
J=(tly, ., tp ., 1 — Z

t;) € Klaq, o, QG X1, oo s Xy b, -, 6] = K[, X, t]
i=1
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where t = t,,...,t, are new variables. Assume that L := {(N; ,W; ,L;)} ¢_, be a Grébner
system of J w.r.t. a <oy X <i, t. Then, the polynomials in this system that do not include
the variables t; together with their parametric pairs will constitute a system of triples
(Grébner system) for Iy N I, N ...N L.

Conclusion

Grobner systems offer a powerful tool for analyzing diverse science and engineering
applications, akin to intersecting polynomial ideals with parametric coefficients. They
provide deeper insights for tackling complex problems by simplifying algebraic
expressions and systematically solving polynomial equations with parametric
coefficients. This simplification is crucial in various applications, such as robotics and
control theory, where streamlined calculations improve efficiency and accuracy. Like
computing the intersection of parametric polynomial ideals, Grobner bases simplify
complex algebraic relationships, revealing solutions otherwise hidden.
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laslaloz S5 51 (alinal i alie) acgorms o st o5 o ausls (slalor 5 ol |, K[, -.v, X ]
Slaber S5 o < laglalazaiz sail> o Jloal I € R = K[xy, ooy Xp ] oS (25 098 055

oS gy ) Dygoy < Cod ) 1 g ey JTonsl g0l 0 8L R s,

LT.(D =LT<(f) | f € D).
Jlosl ;8 45 5,5 ol (euSoo YT Jlo 50 el slabe S5 JToasl LTL (1) cosl oz a5 j5bylen
Wogzge Gy s Jk € 1 slaglabozraiz Gy (09505 o)) 3)s (plite e asgame S glalen S
a5 comday
LT<(D) = (LT<(g1), -, LT<(gi))

IS pesSer < o [ S caly G ={g1, 0, Gk} T o 00t 55 sasgazme &
b R = K[x, o, Xp] o laleraiz loolSins Jo 05 slaal oo ,)l5 o Snee

anlllas lalox S5 o33 o & Comd |, R = Ky, o, 2] st o T Jlowl 105 saly 095 b
18 oo oo )5 108 slaal asils 1,8 K olgsds laws )0 aglalersiz colps o] j0 a5 0,5
Glaboz oz E¥olas ) gbolKiws Jolis los bilos 51 (6 ke 45 LT 5l ls cwiigen 5 pole bl

' Lexicographic order
¥ Leading monomial
¥ Leading coefficient
¥ Leading term
5 Leading ideal
418



FYB-FoA TY 0,95 Fd anli ofsg 3,5 sale aolibiad B 55 g aols ST il claolfws

b )l5 3 camgs (nl el (559 08 WolSiws (nl aslllas (sl )5 slaarly (B (sl bzl )y 55l
awazs DIFOVE 00] Sb,dval Jewlas a¥slee da 0 - Y O] gl )l as e asle calie
O |y 5,8 laolKiws )0 oo i g [VF DA (S slo el VY 08 V] 6
lpo b labersiz slaJlons] 4 soue ol o b slabezaiz slaJlow! 5l 08 Gloal b Hlgiea
2 48 Sl b olidw 5l oalite degorme S Jold y)5 olfius Sy o ols b 285 L5 50 (sl
ool gl glaborsiz degorme S5 (ol g jho @ ll lulpd Cda S) bl 958 Jult SO
3,8 0529 (gl Al o sl )l (s00e arass) oo lade o gl aS el ol 08 oBiws suldS S
Slr 1y 55 sal dally (05l o bilaleraiz assome 5 i e 005l | Sl ol &S
5 Saolfiws b sl yu8 sladly » 5550 b ans e JoS ond ools arass sl Jlewl
e il (e & 2> 5k 4,

VARY Lo 5o 5k ool sln GiapF oliws aodls jsba) gl 10,5 ol b sl 10,5 sk poie
53 3,8 &hl 1 18 olfiws sambre w6 dsl Alie ol )0 (g5 0 e [Y] [0 Kicdyply Lags
B aallas 3590 1, ) panass pliay old (5w e S 8l cos 0 laal oLl e SIS VARV Lo
255 w03 ) patde 99 nl Al sl Srme Slapt )Nl Gl e dm b le a5 [val sl
635 g gy i yo3! odgl V] St lg w165 b (soms! 5l oslinad L IVE] Jo uige YooY Jlo
5 mte sbw ol 5 eslanad U VY] jo gile 5 (Sgjem Yoo f Jlo j0 0,5 )l 1) 108 olfiws (gamlxe
Jbo o S all 1518 50,5 sal 5 5T ol alne sl oz Sloged wiidlyy iy SIS wde
Siibply slooss) izen 5 (Soigw 5 slo o2yl 5l eolizal L IYY] o pilSen 5 jl5 Y40 -
ons 48,5 5 KSWT lgie) wio 57 >yl [ KSW 2 )5S0 6l L 1205 olSiws (smslns 02,5501 2 i o
Slp aeS 9aSes aly lyier sostie | KSW o2 )68l (aibigo [YY] dlie (B 6l (sl
Srehl llyd gl S, Cogae (om)p Shz wax g, e g 05 o0 osliinl (Sl slaasll B>
95 sl 30 6952 b Slaasls KSW o580l e iS5 al S oolicial b s oo ol 50l
Slewle Glans 3l slo Jlo [0 000 o0 olow] 29,5 10 (6505 slo asld aoes )0 5 0iS oo Bdo | gl
ot sl 5 anisy sg sl labezaiz lalony! anlllae SGese (owyp b1y S looliws
el )15 w51 [YAD jo Slims plowl o [V YE YO YF YV ¥A] 6,5 olib aie) cpl )0 (5590 9 el IS
bl slad 504 s el by o sl SeiSS 5 esliiul L aS 5,5 3,00 |, GESGVIWCGS b L sg>
aslol jo (Sl CGS s GVW 4 GES v ,635l ds oS 5 5l ooy 43,5 s GESGVWCGS lsie) 8505 o0
S oo (B et |y )5 olws pspde cledie Gl 5l

Jsldlio X =21, e, X o155 85wl bl sbslaleraisr sail> S = Kla][x] w5 28

(Ma)’(ITx)" Uss 4S5 laercSs o ool bayiel b 5l Glallis @ = g, o) Ay 5 oo

' Specialization
¥ Kapur, Sun, Wang
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L&:)...-...o S9y Slabos>SG S S S <y Jf| ! gladoSS w).us_i;bﬁ).um)b S)a 39> g0 sl
5w be <y g laber S o5 5 oS alil b el 65, o5 <g s
ad <qaf yx7 =xLx¥ <, x* s1x’a® <xa x%af

a€N* (5, €N™ T sas

s gaegerme U = 1,0, L sl (N, W) € Kla] X K[a] s F,G; © S oS o8 ) Gy y2
S5 iy s AC K s, (F) Jlowd s s S0 g = {(N Wi, GYoy sbos
oetls €3ls 1 sa lilas s U WIND) \ V(W) = A ol o 555 oo oaeli <y g slalox
ol 3 &S amdt a2l <y & s (0(F)) o5 b K 0(G) € Kx] secsone ™
S e oo (N, W) j a8 ol alsids anass 01 K[a] 2 K 25y o0
lalian 5 o p 4 palie (F) o)f olfins 1, @ aodls cpon oI A=K 51
L Wi g sae Ll sacgeme ) Ni crimas omsS o0 s olfiws gasls o g o (N, Wi, Gy)
2 s VIND N VW) # D o5y 055 ' J5ke 255 1, (N, W) Loles aaslin siol Ll p (see gazno
S oS 3 e delsl s il e Bi B 52,8 oS 3 a5 meslon LS |y T & ygoil
ol 005 dpulne Maple ,5 GESGVIWCGS pay s ol b a5 i o oles 1, Jlonyl

25 Gaegaze § ALt yile X, Y g el @, D S 28 Y Jlhe
F={(a-b)xy+(—-1Dyx" + (v — b)y} c Kla,b][x,y]
Slaloz S5 i 5y Zemd (F) 52,5 olfiiss 5 il g2l el po b Jlowy) (610 Wse sasgomme
5l s le b <iex @ <iex Y <iex X
([b—1,a-1].0, [x2+y2])
([b-2,a-2],0, [y.x?])
([b—al,[b—2,b-1], [by—y,x?])
([b—2].[a—2] [axy—2xy+y,x?, y]).
(0.,[a—b,b—2], [axy —bxy + by — y,—by + x? + 2y,
(2b? —a?b +2ab? —b® +2a? —4ab)y + (b? —2b+1)y]
polie ol b pylez a3l @=3,b=2 polie Solay Qi b sl Sbaw zn Jold 358 0,5 oSt
ool Flazg p=z Jlonsl sl 505 sab 6 {0y + 7,27, ¥} 101 callas 5elb
2ol Sl srolws Y

' Consistent pair
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5 00,5 (e sl labezaiz gladlow) gln 1) aslr 125l Glaolliws psgie (o Gl o
2 Srell slabezaiz Jlowl 50 lp 1) 0550 ol ol 5o - eamd oo aBl)) ()T dralia (sl (o5l
slaJlon] STl eaps o oS aJlon] 5l gyt olass 28,5550 lp 1) ol e 5 oS s
Lo ool anlllae Jolis Ygano 5 Col (glowle jr 5 (5 diid 35 colol pote o (5l (slalezaiz
5yl Sy b el )by 5l slacgasme 4y a5 098 o (slalazaiz DYolas 5l slacgame S it gloaiy, b

oS o Byre |y gl culpo b gladlazais Jlos) g0 STl olfiws dalo!

lite gl asgaze 028L S = K[a, X] o 55l lalozrasz Jlonyl 5 51 aiS (25.F Gy o
e o gl 2 sl oS 555 oo oagel I N ] asl> Sl ol o L = {(N;, Wi, L)} Ey
sabl, 05 gas (N, W) 0l )l cosgame a5 i K[a] » K' 2 K

sk yEpo(ly) = o) na())

sg0i 1yl aale 128l oS Sy apslome gl |y, INTERSECT g 65 g8 oo i3 ol bl
S= il 0,/ =G Gn) s I = {frrs fin) Slabezaiz Jlowsl 5o 5 ol ol sl
e o0 JSas 1) 5 Jloal s o2 5 00 512350 K3, X]

H=(tf1, .., tfr. A —t) g1, ...,(1 —t)g,) < S[t] = K[a, x,t]

S F) oS (oo drmle @ SpexX Kpex Ul dlaxr ST i 4 Cad | H Jloas) yu 8 olfiws S g
03 a3ls o o it e a5 oy ol o plaslaesaiz (cwl@ g X 5l 55,5t T o a8 Ll
o) 55 51251 sge acgama o5 3205 00 S5 (50,5 (sl wtbgryn (s el bl & sy oo
Ssl olBiws S awlee gl |y INTERSECT oy ,631 pdlgs oo Ol ol (wlol 5 waiil oo

oS ) el

Algorithm 1. INTERSECT
Input: I = (f3,..., fm)andJ = (g4,..., gn): Polynomial ideals in § = K[a, x]
Output: A comprehensive intersection systemof I N J
H:= (tfi,....tf;m, (1 — )g1,.--, (1 — t)gn)aGSof Hw.r.t.a <jo X <pox t
L= {(N;,W;, L)} {=y
for (Nl 'Wi 'Ll') € Ldo
if L; # {1} then
L; := L; n K[a,x]; (Eliminate those elements of L; contains the variable t)
end if
end for

Return({(N; , Wi , L)} T_,)
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sy A5S o e |) INTERSECT o680l acils o8 oltws Slowlns 6 pds bl .l
ails ;o Jlonsl g0 STl sanlne gl onds o0ls prdgs o lailiwl oy, 5l Losiinws 35 o5
Olgieds 5385 b 4 [V) adB VAV amino F] 5,5 o lis R = K[X] culs culyo b b glalosais
ShpS oo b yo for wal> gl zl phi a> o o L )8 olfiws 51, (N, Wi, L) obaw Jke
Bl 4088 ol o it jho it L F {1} 0 09750 sl ol )y ples g7 oSST Ly # {1} gacgarme
A5 e

AW <5"‘"»’~5"‘\5 o g5 .]a...ay « INTERSECT r‘,:.,)jill Maple Lgl).>| )‘ oolawl l.: 2) ool JL.A

] 00 Ml?bo

oS S o 1) Jlis o ead 55 glaJlonyl ¥ Jlka
I =(—ay +x%,cy — z,bz? + x) & ] = (bx —y? ,xz — a)
Slply ) aels STial olfiiws INTERSECT o ,65! 5l 093 Maple gl ooly 5l ealitul b o/SS]

imslss S e bl Ny

([b,a],[c], [ey® — y?z,xz,y* x])

([c,b,a],[l], [y* z,xz, y* x])

([c.a].[b], [y’z xz,bx” = xy*1)

([b* ¢*+1,a],[1] Iy* 2°, ¥z, by + X]).

([b].[al, [ay®, xz* — az, xyz—ay, x*z— az])

([b].[a, b1, b? ¢®y?2%, ey’z — y?22 be’y? be?y?z + xz,b%c? y?z + boxy — oy” + y’z,

- byzz2 +bx” — xyz])

[bac3 —1], [a,b,c],[y’z® —abz, y’z —aby, — abc’x + ac’y® + xz® —az”,—b°c’y® —b’c’xz +
bzczyzz + Xy, —bczyA - bzcayA —b’cxz” +ab’cz + bxz® —abz + xz])

. [2a2b2c(bc —1)(b2(:2 +bc +1), [bzcyzz5 - abaczA - ayzz2 + azbz, — bzyzz5 + a\baz4 + ayaz - azby,

4 3 2 3 5 3_2 4 3 3.3 2 2 2.3 3 _2 2
—b'c'y’z +abc’z" +abc’x—abc’y —b'cy’z  +ab’cz” —abx+ay’])
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b ol )l polde cpl b crol> STyisl olKiws pian asls oL?QT a=0b=c=1 SJbe Gleie a
J—‘o..\J ﬁ‘){ L7|a:0,b:1,c:1 6“59*-’“ L)"‘)"LJ u.&.l.ISb.a és\.@ (N7, W7) )o )JQLM L)"‘) o)la g.,dbUa.o
.‘a;‘;..u A.CM SO ua.o..a?u ).O: le)'.‘ aS Cewbizo ulw u.a‘ .054. \.\.€b|9:> I|a=0,b=1,C=1 n]lazO,b:LC:l
PWNIES 9 Jol.au: )5.!&44 O-(I) n O-(]) = O-(L7) :M)\o &£ 00)5—‘).3 ‘) (N7, W7)

Ha=0p=1,c=1 N Jla=0,p=1,c=1
= (y%z2, y3z — y?z%,y?z + xz,—y3 + 2y?z + xy, —y?z? — xy

+x?)

b labozaiz Jloas! 90 5l i STsl avwle 6l olg oo 45 018 0939 polie b, a5 ol 53 LLS

2

el 6l a5 S50 45 0,55 ol e a5 an 18,18 0,55 ] 5,5 Jlael goas cul,o

Jloasl ozl S = K[, X] jo sl b slabozaiz slaJlowsl I, [, oo, I 0sS 5,5 .Y dwdd

J=(t.l, ... tpl, 1 — Zr ti) € Klaq, ..., Q) X1, s Xy 1, oo, tr] = K[a, X, t]
s Klay, ., Gm, Xq, s Xy tll,—.i,tr] = K[a,x,t] b colyo b slaglabaraiz gail> ,o 1,
S L= {(N; , Wy, L)} Fly 0sS 65 s opir slayiio B, B, oty ] 0 a5 00K
Sbaw o sl (ol 50 ail @ <jper X <pex U Sy @ s S Jlen] 05 oS
Sy LSS wes by, e i sl pine Jolis a5 Ly 5l slecslabozais (N, Wi, L) € L

i n (Ni , WY) ool g sao bl b ceslie Iy N I N e N L Jloy) sl 205 olSss

Sl bulph oo G lalazaiz S8 oo S o 1, (N, Wi, Li) € L dlssds lianw S5 .ol
ot iales 53 O yg0s |y G el o o8 T a0 (I7), 0(13), .., 0 (1)) Shyzsl a slae (N, W)
T T
Y =ztig+<1—zti>g
i=1 i=1
ol el 0 N K[A, X]) 4y lee Lyl ool cos  (clalazaiz sws oo Lis a5

o(l)no(l,)..na(l,) € o(J nK[a,x]).

il ssge 0(J NK[A, X]) o f Glalemais (N;, W) a0l g jio Ll cos 1058 B
o 25 p R0 |y fesliige g el 55 0 () @ Glate f glalazaiz £9050

f= (iZfijtigij) +(1- zr: tig
i=1 j i=1

@Lo)'jtm = Ogtn =1 ol b 1< Sr}“é‘}“‘%gij € O-(Ii)ﬁg'fij € S[t] QT)QAS
Bland polie ol ol LD SN ST sl Jo f € 0(I) mpS o as M # N oS
fealp)no(,)..no(l,)>c(NnK[ax]) Soly)n)..n(,)
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595 Gh Sl ol STil olRiws Sy aslons jlaieas 1) CIS o2 )58l oilsi oo (353 4028 2 4S5 L
oS (b s rell cul s b lalezaiz Jlon]

Algorithm 2 CIS (Comprehensive Intersection System)
Require: I, I,..., I, Some parametric polynomial ideals in § = K][a, x]
Ensure: A comprehensive intersection systemof/ NI, N ..N I,
] = {t1L4,..., t, 1,1 — YI_  t;) € K[a,x,t]
L ={(N;,W;,L)} ., aGrobner system of JW.r.t. @ <jexX <y t
for (Nl 'Wi 'Li) € Ldo
if L; # {1} then
L; := L; n K[a,x]; (Eliminate those elements of L; contains the variable t)
end if
end for
Return ({(N;, Wy, L)} -

Iy ol ST il olfiws G 3.85 job 4y 5 Wb oo anil> Al po (g0game Slass 5l ey CIS (13,6501 .Y apad
Lodiios 35 oayo50) S ol (o 5 ol8is Slewbore bzt CIS w263 (6 8y bL U]
g g0 blaiwl A 4 il

S ey s ooy 1 YU 0,8 LSl cslalezais Joasl a1 ISie ool Jlie 5 b anlol 4o
ol 0als ploil sdiy o3 Jawgs Maple |lisle i 50 lapi oSl ol ) dwgdy Slawlxe (pl (gadS a5 ol

A0S = Kla, b, cl[x,y,z] cail> 01, g0l colpo by slabessiz Jlonsl aw F Jlio

g )
L =(by* —x3), [, =(y* —a—y,—cz+2z* - 1),

Iy =(cx — y?,—cx — z? + 1,x* — x)

ozl ot ,501 &g, Bubo il B g9, 50 sl Jlosl dis ol (slps ol STl olKits G dwlne Lo o

e300 IS 5 Oyge ], ] Jlowy]
] = (by?tl —x3t;,y% t, — at, — yt,, —czt, + z%t, — t,,cxt3 — y *t3, —Cxts
—Z%tg + t3,x% t3 — xt3, 1 — t; — t; — t3)

Bix b oS canl azle i glylo @ <popX <pop T Glabemr SO o5 5 @ Comns | J—lc‘.&g" i yS o
STyl oBws do obaw (pl ;0 g2 g0 ;)5 sl 5IE = T, ..., T psie Jolss sloglalosai

D9 50 drmlie ) aal>
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Parametric Constraints | Comprehensive Intersection System (CIS)

VNV11 :: [[b; Z] 11 [*J:ayzz2 —cadz 4+ 2522 4+ by2 — 2%+ yzz, —by41 + 23y2 + aby2 — ax® + by3 - zSy]
Ny =

Wy — [71:131222 + 2522 + by2 - .‘rs, —bry4 + m4y2 + o.b:cy2 — az? + bmy3 + by4 - z4y - zsyQ - aby2 + az®—

by + 23y, —by® + 23y + aby? — axy? + by® — 23y3)

N3 i[bc— 1,a], [=by222 — ca®z + 2522 + by? — 2B 4+ 422, —byd + 2552 + aby? — az® + by® — aBy]

Wy = [c]
VN‘,ﬁl :_ [[C] al, [*J:ayzz2 +a%z2 4 by2 - .t3, aby‘1 — a13y2 — by5 -+ m3y3 + by4 — a:3y2, 7b:cy4 + z4y2 -+ aba:y2 — axlt
=

bay® + byt — 2y — 2%y? — aby® + az® — by® + 2%y]

Ns i [al, bey? 23 — by?2t — ca®s® + 2324 + be?y?z — bey?2? — 2as + ca®z? — bey?s + 2b; 22 + cxdz— 2:0322+

Ws = [e,be — 1] Y Y Y Y Y Y
bcy2 —cz® — by2 4 28, abcy222 — abyzz3 — acz®2? + az®:® — b52y4 — bc2y2z2 + bcySz2 + bcy2 25—
by3 23 4 2x3y? + 22822 — caByz? — 2823 + 23y23 4 abe?y? — abey?z + aby?2? — ac?zd + acada—
az®z? + E/:Ey3 + bcEygz — bcysz — bcy222 + bygz2 - c2w3y —c%adz + czsyz + ca®2? — mgyzg + o.bsz—
azdz — baygz + byxz +ezdz — .‘nsyz — aby2 + ax® + bny2 — bys — ez + msy, bnwy2z - bzygz2 —ealzt
2222 — bey?z + by?2? exPz — 2922 Fbay? — 2t — by? + o8]

Nt3:]= 2.3 2_4 3.3 3._4 2, 2 2,2 2.3 3.2 2 2.2 3 2.3.2

Wy = [a2e(be — 1)] [bey?23 — by22% — ca23 4 2324 + be?y2z — bey?22 — 2232 4 caB22 — bey?z + 2by222 + cadz — 223224

2,2 2

bcy2 — ca® — by2 + mB, o.bcygz2 — abygz3 — aca®z? 4 aa®2® — bcgy“1 — bcty 22 + bcy‘n’z2 + bcygzs—

bysz3 + c2r3y2 + etz 22 — ca yz2 — a8 + J:Syzg + abczyQ — abcyzz + aby2z2 — ac’a® + aca®z—
az®z? + bc2y3 + bc2y2z — bcysz — bcy2z2 + by3z2 - c2z3y — 22tz cxsyz +czdz? — :cxyz2 + aby2z—
azdz — bey?z + by 2 + caBz — 23yz — aby? + az® + bey? — by® — cx® + 25y, beay?z — bry?z? — catzt
2422 — bey?z + by2z? +ea’z — 2322 + bay® — 2t — by? + %)

L 651 8 ySlos 3JUT . F

STl olfiws a5 Sl Jlie b sl 0nds s3lwosly Maple s a5 CIS qi ol o Slas o 25u ol 5o
Lo Jlie oyl 09 o 00ls )l iin «disS oo dumlme (5 00l )b slalozaiz sla JTons! 51 slatws g1y 1) ol
Wileass ol S = Kla, b, ¢, d][x,y,2,u, V] ail> ;s ;laalise gla Sz g bejlail JJs 4
nloe V<pox U <pex Z <iex ¥ <pex X woiy & 425 b Jloas] 2 6lp 1) qulr STl oS
90 Sol> plaS 5o a5 Ced 00 nl po Bl e 2Ll o e ) ek a5 el 53 LLE aS e
A b ysie s X, Y, Z, U, V g n sl b dlss @, b, €, d casiis slabesais Jlowsl Jla b aw b

e Ex1: [[z*x"2-(a-1)*y*x, x*y], [-c*y+x"2], [-x*z+Db, -x"3+d*y, z"2-2]]
e Ex2: [[x*(x-a), c*y+2, x*y-b], [(x-1)*y"2-1, d*x*y-c]]

e Ex3: [[c*z"3+1, x"2*y-b*z], [(b-1)*x"2-Z, (d-1)*u-c*x]]

o Ex4: [[a*y*z, y*z+c, x*y" 2-1], [d*z"2-2, c*x-u, X-y-Z]]

e Ex5: [[b*y”*2-x"3], [y"2-a-y, - 1 -c*z+z"2], [c*x-y 2, -c*x-z"2+1, x"2-X]]

=)}

¢ Ex6: [[(a-b)*x, b*y"2-x], [y"2*(-a+2), b*x"2-z], [c*z-y"2, -z"2+X]]

e Ex7: [[b*y"2-x"3], [y"2-a-y, z"2-c-z], [c*x-y"2, -z"2+4X, x"2-X]]
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e Ex8: [[b*x"2-d*y], [b*z+x*y-a], [c*x-y, -x"2-y+1]]

¢ Ex9: [[x*y"3-b*y"2, x*z], [a*y"2-2"2, z-1], [-x*z"2+c, -z"2+%, y"2-a]]

e Ex10: [[x*y*z-b*y-x*z, -x*z+1], [a*y*z-z"2, x*y*z], [c*x*z"2-2"2-%, y"2]]
e Ex11: [[-a*d*y+x"2, c*y-z, b*z"2+X], [b*x-y"2, x*z-a], [d-u]]

e Ex12: [[-a*u+1], [y*z+c, y*2-u], [z"2-2*d, c*x-u, b*x-y]]

e Ex13: [[-d*u+V], [c*v+y*z, b-y], [c*u*y”2-u*y], [u*z"2-2*y, a*x-v/ 2]]

ExampleTiming Memory (GiB) Branches
(seconds)
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Ex)» V1,4, Y,14 4
Ex)\)) ARE-A A YYY, 1 1
Ex)Y £4,YY £,VY VA
ExY YY, o1 ¥, Y.
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Memory Usage per Example

T T T T T T T T

240 1" [Zg= Memory Usage ]

220 |
180 - o

140 - - .

Memory (GiB)

100 - s

60 -

20 ]
o ogreelsl I o e ! L e
V0 300 2 L0 S T T TS M
@@@@@@@Q’@Qﬁ'@,@i-@.

Example

427



Ol ys SlEBS (Gugeo FYO-FeA F¥ 0,90 VFed aobiofrg «ox8l,15 cole aoliliad

Branches vs. Performance Metrics
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' Inverse kinematics problem
¥ Forward kinematics
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[ Parametric Constraints Grobner Bases

[d, z,y, =, 13,12],[ ] lef +s7—1,¢3+s3

(d.y.x,13,12], 2] [c?-&—s%—l.f%—»—sg

(d,y,z 13,12 — 2], |z] [e? 457 —1,c2+ 3 — 1,807 —z,c27,¢5 + 55 — 1]

[d,y, x, 13,12 + 2], [2] [e2 +s2—1,c3+s3 1, —s22 — 2z, —caz,c] + 53 — 1]

[d.y,z, 13, [la, 1o — 2,02 + 2] [ +5% — 1,62+ s2 — 1,dasp — z,lpe, 13 — 27

[d,y,z, 13 — z,12],[2] [e? + 6% — 1,63 + 83 — 1,832 — 2, 2¢3]

[d.y,z, 13 + 2,12], [2] [rf + sf - I.c% + s§ —1,—83z — 2, —zca)

(d,y, x,12], I3,13 — 2,13 + 2] [r? + s? -1, r'j - sﬁ —1,1383 — z,l3¢3, —l% + z2]

[d,z,y,= 12 — 3], [I3] [ef 4+ 57 — 1,c3 + 53 — 1,132 + lasg, eals + cala)

[d, z,y, =, 12 4+ 13], [13] [cf + s? -1, r% + 33 — 1, —l3s2 + 383, —cals + c3l3]

[d,z,y,z), [l2, 13,12 — I3,l2 +13] || [¢] +s7 —1,c3 + 83 — 11282 + lasa, calo + c3la, 13 — 13]
[d.y,x],[la, 3. 2] [Ef + sf -1, z‘% - s% — 1,198y + l3s3 — z,ealy + cgls, —2los9z + J.',f, — l% + 22]
[z, —d? + 2% + 42,13, 12], [d] ldsy +z,c1d — y. €3 + 83 — 1, —d]

[—d? 4+ 2® + y?, 13, 12], [d, 2] [dsy +z,crd—y,e2 + 52 — 1, —2]

22 +y? — d2,13,12 — d? — 27, [ds1 + z,c1d — y, €3 + 2 — 11,1252 — z,c2la — d, 2 + 52 — 1]
d,12]

[—di + 22+ yz,l3], lds1 + @, cpd — ymf + s'g — 11,1389 — z,c3la —d, —d? + .’j — zQ]

[dyl2, —d® + 2 — 22

(%2 + 3% — d2, lg —d? — 22 1g), lds1 4+ =, c1d — y,c§ + sg — 11,1383 — z,c3lz — d)
[d, 13]

[—d? + 2% + y2,13], [ds1 +x,c1d — y, e + 53 — 11353 — z,calz — d,d® — 15 + 2]
[di, —d® + 2 — 22

[d2 + 22,22 +y% —d? Iy — 3], || [ds1+z,crd — y.e3 + 53 — 1, l3s2 + 1383 — 7, cals + e3ls — d, —2cadly — 23522, —4d?13)
[d. i3, 2]

[d? + 22, 2% + y* — d?, 1o + I3], [dsy + z,crd — y, e + 83 — 1, —lzs2 + l3sg — 2, —cals + eals — d, 2cadly + 213522, —4d*13]

[d.13, 2]

[d? + 22, —d? + 22 + 2], [dsi +z,c1d — y. €3 + s3 — 1, lasa + l3s3 — 2, cala + egls — d, —2cadly — 2lzs22 + 13 — l%,

[d,l2,l3,2,ls — 3,12 + I3] —dl3saz + AUsldsrz — 4d213 + 13 — 20313 + 1]

[z + 32 — d?], [dsy + z, crd — y, € + 83 — 1, 1282 + l3sa — 2, cala + I3 — d, —2codly — 212522 + d*+

[d.1a, I3,d? + zz] l% — l% + 22, 4(?.!%3% + 4l%sgz2 — 4d?l3832 — 41%322 +4121§32z — dlpsg2® +db — 2dzl§—
20202 + 2222 + I3 = 2202 + 21227 413 — 2127 )

z,la.lz].[d.—dz+.r‘+y ] ds1 + x,c1d — y, —d* +x° + Y~

I3,12], [d, z, —d® + 2% + y?] dsy 4z, c1d — y, —d? + x2 4+ y*

I3], [d, lo, —d® + 2% + /7] dsy +x,c1d —y, —d> + 2% + 1%

I, [d, I3, —d% + 2% + 7] ds) +a,c1d — y, —d® + 2% + 42

d,z, 13,12, [y] 1

d,x,l3,12], [y, 2] 1

d, 2,13, [l2, 4] 1

d, x|, [i3,y] 1

d.z,y,l3,12], [x] 1

d,y,l3. o], [z, 2] 1

d. y, 3], [l2, z] 1

d, y), [ls, x] 1

d,z, 3. 12], [z, y] 1

d,l3,l2], [z, y. 2] 1

d.l3], [l2.x,y] 1

dl, [l3, >, 3] 1
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35 €3 <lex 53 <iex €2 <iex 52 <iex €1 Nlex S1 ez IS 4 Cans s ()
oo dmloe b el 59, 1 <pex 12 <tex ¥ <tex X <iex Z <iex d slaler S5 o5 g ba it
ol e ks o0 ababla g oads apulne a5l 05T Goe jo a5 cwl (a5Le) U aw YA gl 5 cul
Silaiw Al @uilsd oo 055 Sjgods 5 Jodz ] SIS 4y 65T aib co oS VAT Sloslows
O 2 85 mpSion B 50 1) (o0l pamiie i) YU Jgor VY sl Jlo gl ot Jeloni 1) (osSne
X%+ 5148 caslios ol ol s Woy = [d, 1y, 15, d? + 22], s Nyy = [ 22 + y% — d?]
bwowsd Fongal el id#0,1, #0,13#0,d2+22#0 ,y2—d? =0

wlige Gog 1l S col oas ;S5 5 el )y Ll

[ds1 + x,c1d — y, c% + s% — 11,1282 + 1383 — z,eala + I3 — d, —2cadly — 2lasaz + d2+
l% — lg + 22, 4d2l%sg -+ 4l§s§z2 — 4d21l9892 — 4l%szz + 4l2l352z — Alysez® + d* — 2d2]!%—
2d%13 + 2d?2% + 13 — 21315 + 21327 + 1§ — 21327 + 27]

oo se 58 Sl Glsieas Noo, Wop 520l 5 she lulys asgerme 4y a2 b b
lz = 35, l3 = 55, (x,y,Z) = (3, 4‘, 6) € R3
2,00 G2z 70,5 4l 50 polie ol K> 5l G

[5s1+3,5¢1 —4,c3+53—1,5.553+3.552— 6, 5.5¢3 +3.5¢0 — 5,43 — 35¢0 — 4239, 624 — 361255 +2989 s3]

581 + 3 _ :oﬁ@ﬁjdldommdiwow@ﬂung

Her — 4 =
c% + s% -1 =
5.5s3 + 3.059 — 6 =
5.5c3 + 3.5¢o — 5 =
—35cy — 4259 +43 =
298953 — 361sy + 624 =

oo oo oo

g oo Jol> Clgz dcgezme dlwd g3 olKiws (pl o

s3 = 0.9580021314 ¢35 = 0.2867610787
59 = 0.2088537935 co = 0.9779468763
s1 = —0.6, c1 =08

s3 = 0.4548145601 ¢3 = 0.8905861642
s9 = 0.9995771198 ¢ = 0.02907888479
S = —0,67 c; = 0.8
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| Null Sets || Not Null Sets || Grobner Bases |
[da z, z,l3, 12] [y} [1]
d,xz,l3,15] Y, z| 1
d, Z, 13] lg, y 1
d, ] I3,y 1
d,Z,y,lg:lz] SL‘] 1
d,y,l3,1s) z, z] 1
d, v, 3] [l x] [1]
[d, y] [l3, ] [1]
d, z,l3,1s] z,y] 1
d,l3, 2] x, Y,z 1
d; [3} lg, €,y 1
d| I3,y 1
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