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This article explores parametric curves defined by polynomials
with parametric coefficients. We introduce an automated
classification method that utilizes computational algebra
techniques and singular variety theory, focusing on various
parameters and their singular points—where the derivative is
zero or undefined. These singular points are crucial for identifying
key curve features. In 2010, Dehghani classified cubic curves using
the Montes DISPGB algorithm; in this paper, we apply the
Dehghani GESGVWCGS algorithm to classify all families of
parametric polynomial curves, including cubic ones. Our results
extend previous research, enabling more complex analyses of
higher-dimensional varieties and displaying parametric
constraints more easily and structurally. We believe that
integrating computational tools with singular variety theory will
enhance the theory and applications of parametric curve studies
in fields like computer graphics and architectural design. This
method streamlines curve analysis and improves applicability. All
computations are conducted using Maple 18, and the
methodology is demonstrated with two families of polynomial
curves featuring parametric coefficients.
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EXTENDED ABSTRACT

Introduction

Parametric polynomial curves are widely used across scientific and engineering
disciplines. In physics, they model particle motion in space, while in engineering, they
describe object trajectories influenced by forces. Economists employ them to illustrate
economic indicators over time, and in computer graphics, they are essential for creating
realistic animations and modeling complex shapes. For instance, the position of a
particle can be expressed through parametric equations that define its coordinates as
functions of time, aiding in the calculation of velocity and acceleration vectors. The
extensive use of parametric curves underscores their significance in theoretical and
practical applications. A key area of interest for mathematicians is the study of singular
points in these curves, which enhances our understanding of their geometric and
topological properties. Using computational algebra and singular variety theory, we
present an automated classification method for these curves, focusing on parameters
and singular points where the derivative is zero or undefined. In 2010, Dehghani
classified cubic curves using the Montes DISPGB algorithm; here, we apply the Dehghani
GESGVWCGS algorithm to intelligently classify all families of parametric polynomial
curves, including cubic ones. This method streamlines the analysis of parametric
curves, improves applications in singularity theory, and broadens the role of
computational algebra in parametric system studies.

Methodology

The Grobner system, a computer algebra technique, automates the classification of
parametric polynomial curves in various fields such as physics, economics, computer
graphics, coding, and cryptography. It employs the efficient GESGVWCGS algorithm to
partition the parameter space into finite cells. As these equations are defined by specific
parameters and variables, parametric Grobner bases play a crucial role in solving them
and mapping the parameter space. Grobner bases, introduced in 1965 by Wolfgang
Grobner and later expanded by Weispfenning in 1992 for parametric cases, are
powerful tools in computer algebra. Recent advancements, particularly Dehghani's
2024 GESGVWCGS algorithm, utilize parametric linear algebra techniques to effectively
divide the parametric space.

Results and discussion

Grobner systems find numerous applications in robotics,

algebraic geometry, parametric linear algebra,

biochemistry, biology, automatic theorem proving, and

electrical networks. Specifically, we highlight theirrolein [~ ~
intelligently classifying all families of parametric ‘ ‘
polynomial curvesTo . classify parametric polynomial

curves automatically, we need to create a polynomial

ideal from the curve equation and its derivatives. For

:instance, consider the following parametric curve Figure 1 YA2-xA342x-1= o
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y2+ a;xy +azy = x3 + ayx, + a,x + ag
whichrepresents a general elliptic curve. The Weierstrass normal form is a standard
way to express elliptic curves. To convert this cubic curve into Weierstrass form, first
homogenize it by introducing a new variable (typically 'w') and then apply a series of
coordinate transformations. This process includes completing the square and scaling
:the variables until we obtain the desired formy2 =x3+ax+b
This transformation is valuable for various applications,
including exploring the properties of elliptic curves and
.their cryptographic uses Now, using f = y> —x3 —ax —b
and its derivatives, we form the following ideal:

p (20 00, [
9(x)" 9(y)
=(y?—x3—ax—b,—3x%—a,2y)
By utilizing the Maple implementation of the GESGVWCGS
algorithm, a Grobner system for F is computed, featuring 5

branches: Figure 2: Nodal point of
yr2-x"3+3.x-2=0

.

L ={[[1[a b,27b? + 4a%], [1]],
[[27b2 + 4a%], [a, b], [y — 2a% + 9xb]],
[[p], [al, [1]]. [[a], [b], [1]], )
[[b,al,[1 [y, x21]3.

The output has five branches, with the first member of L

being (Ny, Wy, G,) = ([[], [a,b,27b? + 4a3], [1]]). If we set ! B
A = 27b% + 4a® then the minimal singular polynomial for

F polynomials is V(A). Specifically, when A = 0, the
parametric polynomial curve y? = x3 + ax + b possesses ‘
a singular point, whereas when A # 0, the curve lacks a
singular point. We will illustrate this with three diagrams.

First, according to the conditions N_1 and W_1, we seta =

-2 and b =1 (which satisfy N_1, W_1, hence A # 0). The curve diagram is as figure 1. The
second triple of L is (N,, W5, G,) = ([27b? + 4a3], [a, b], [y, 9xb — 2a?]). Since G, =

2
[y, —2a? + 9xb], we conclude that y = 0 and x = zgib. When A =0 and a, b # 0, the point

(%,o) is a singular point of the curve (a double point). For a = -3 and b = 2, the point
(1, 0) becomes a singular point of the curve y? = x3 + ax + b. The graph of this curve
for these values is in Figure 2. The third and fourth members of L behave like the first,
as G; = G; = G, = [1]. Examining the last member, (N5, Ws, Gs) = ([b,al,[], [y,x?])
which gives Gs = [y, x2]. This indicates that for a =b = 0 (which follows from A = 0), the
Weierstrass form of the elliptic curve has a singular point at (0,0). This is illustrated in
the left-hand diagram 3. It is worth noting that similar results were obtained using the
DISPGB algorithm in [26], whereas this article uses the efficient GESGVWCGS algorithm
for classification.
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Now, consider another parametric curve defined by T T
x2+ by? + 2cxy +2dx + 2ey + f =o, ‘
where x and y are variables and b, ¢, d, e, and f are
parameters. We will compute the minimal singular
variety of this curve for various parameter values,
represented by the polynomial g =x%+ by? +
2cxy + 2dx + 2ey + f. We create the ideal linked to

_ ag) @\ _ ;.2 2 \
F—(g,%,m)—(x + by* + 2cxy + \
2dx + 2ey + f,2(x + cy + d), 2(by + cx + €)).

this curve:

GESGVWCGS(F, f <iex € <iex d <iex € <iex b,y <pex X) =
L={[[1[cd — e, cf + bd? — bf — 2cde + €?],[1]],
[[cd — e,c?f + bd? — bf — 2cde + €?],[c,cd — €], [cyd — ey + d* — f,—de + cf
+ cdx — ex]],
[[c,bd? — bf + €?],[d,el, [ey — d? + f,x + d]],
[[cd — €], [d? — f,—de + cf],[1]],
[[—ef + d%e,—de + cf,cd — e], [d* — f],[1]],
[[d? — f,—de + cf,cd —el,[c,—c? + b], [y, x + d]],
[[e,d? = f,c], [b,d], [y, x +d]],
[[f,e.d,c], [b], [y, x]],
[[d? — f,—de + cf,cd —e,—c? + b, [c], [x + cy + d]],
[le,d? — f,c,b],[d], [x + d]],
[[f.e.d,c, bl [1, [x]]}

We define the polynomial A = bd? — bf + c?f — 2ecd + e?, which belongs to the set
N,. So, V(A) represents the minimal singular; specifically, when A = 0, the curve g has a
singular point, while A # 0 indicates no singular points.
This will be demonstrated by applying two diagrams;
For the first member of L, wesetb=1,c=1,d=1,e=
2,f=1 (i.e, A #0). Substituting these values results in
the equation x? + y? + 2xy + 2x + 4y + 1 = 0, shown in v
Diagram 4, indicating no singular points. For the -4 7 I~_? §
second triple of L, we considerb=-1,c=1,d=1,e=2, -

f = 1, resulting in the singular point (x,y) = (— %,%)
for the parametric polynomial curve x?—7y? + / 4]
2.x.y+2.x+4.y +% = o, that depicted in Figure 5.

Figure5:x2 —y2 + 2. x.y + 2.x +

1_0
4-.y+?—
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Conclusion

Studying parametric curves, their singular points, and computational tools like the
GESGVWCGS algorithm enhances our understanding and practical applications in
various scientific fields. These techniques enable the analysis of complex geometric
entities, fostering innovations in applying mathematics to real-world problems. For
example, automatic classification of parametric curves and computational algebra tools
like Grobner systems provide valuable solutions in numerous scientific and engineering
contexts. Parametric curves are crucial in engineering and basic sciences, representing
intricate shapes and movements. They are utilized in physics, engineering, economics,
coding, and computer graphics, aiding in analyzing particle motion and economic
trends
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