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This paper employs computer algebra techniques to solve the
inverse kinematics problem of the 3D Romin Robot. Similar to the
approach applied to simple planar robots, which is based on
analyzing the parameter space without considering any details,
we extend it to the 3D Romin Robot by encompassing all
conceivable parameters related to the angles and arm lengths of
this robot. In particular, we apply the GES-GVW-CGS algorithm (an
efficient algorithm for computing the Grobner systems) to
partition the parameter space into a finite set of parametric cells
and assign a set of parametric polynomials to each cell. We solve
the inverse kinematics problem according to each cell, which
contains specific parameter information. All algorithms discussed
in this paper are implemented in Maple software. Compared to
traditional methods, the proposed approach significantly
improves the solution to the inverse kinematics problem for the
3D Romin Robot. By leveraging computer algebra techniques and
the GES-GVW-CGS algorithm within the Maple software
environment, we can efficiently analyze the parameter space and
provide solutions for a wide range of robot configurations. This
research expands the applicability of existing methods to complex
robotic systems and showcases the power of computational tools
in advancing robotics research and development.
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EXTENDED ABSTRACT

Introduction

The problem of inverse kinematics in a robot manipulator entails determining the joint
angles for a specific position and orientation of the manipulator's hand. This problem can
be formulated algebraically as solving a system of polynomial equations with parametric
coefficients. The variables represent the joint angles, while the parameters correspond to
the hand's location. Utilizing Grobner systems for solving polynomial systems with
parametric coefficients offers a practical approach to tackling this problem. By obtaining a
finite set of triangular parametric polynomial systems, along with parametric conditions, we
can simplify the original problem. It is important to mention that Gonzalez-Lopez et al.
manually address this problem using the "dynamic evaluation method. "In their approach,
they combine algebraic techniques with geometric reasoning to efficiently determine the
joint angles required for a given end-effector position and orientation. The Grébner system
method allows for a systematic and structured way of solving the inverse kinematics
problem, providing a reliable solution for various manipulator configurations.

Methodology

The Grobner system, as a computer algebra method, can be used to solve the inverse
kinematics problem for the ROMIN robot, which is employed in production lines and
product packaging. Additionally, the Romin robot is utilized in pressurized water nuclear
reactors for periodic inspections and repairing tubes inside the reactor. The inverse
kinematics problem employs kinematic equations to determine the robot's motion to
reach a desired position. As these equations rely on certain parameters and variables,
employing parametric Grobner bases proves useful in solving these parametric equations
to identify potential routes to a fixed position. Grobner bases are a specific type of
generator set of a polynomial ideal and serve as a potent tool in computer algebra.
Introduced in 1965 and named after his advisor, Wolfgang Grobner. He proposed two
criteria to enhance the performance of his algorithm. Lazard described an algorithm for
computing Grobner bases by using linear algebra techniques. Faug'ere contributed to the
development of two renowned algorithms, F4 and F5, for computing Grébner bases. Given
our focus on parametric Grobner bases, particularly the Grobner system, we delve into the
existing literature on this subject. The concept of Grobner systems and the initial
algorithm for computing them were introduced by Weispfenning in 1992. Over the years,
significant progress and numerous results have been achieved in computing Grébner
systems, culminating in Dehghani's 2024 proposal of an efficient algorithm, known as the
GES-GVW-CGS algorithm, for their computation.

Results and discussion

Grobner systems find various applications in Mathematics and other scientific fields.
Specifically, we highlight their role in solving the inverse kinematics problem of the Romin
robot. The Romin robot with three arms (the length of the first arm is invariant) and three
degrees of freedom is located in R3. The angle 6_1 rotates around an axis perpendicular to
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the ground. Also, 6_2 (resp., 6_3) is the angle measured from the horizontal plane Q1 (resp.,
Q2) to the second arm (resp., third arm). For any point (x, y, z) € R® and also by considering
d? =x? + y? and utilizing the 3 matrix rotation, we obtain the following subset, which can be
considered as the algebraical model describing the geometry of the Romin robot:

F={c?+s?—1,c5+s2—1,c2+s3—1,x+ds;,y—dcy,lycy + 13¢5 —d, s, +
l3s5 — z}.

Y On A P=3D(X.Y.Z)

By utilizing the Maple implementation of the GES-GVW-CGS algorithm, a Grobner system
for F is computed, featuring 34 branches, with 22 being generic and 12 being singular. In
cases of singularity, the Romin robot lacks solutions, showcasing the success of the GES-
GVW-CGS algorithm in automatically computing all singular instances. The details of the
singular branches are presented in the following tables:

| Null Sets || Not Null Sets || Grébner Bases |
[dsz=$sl3’12] [y} [”
[d,.’E,lg,lg] [y, Z} [1}
d, z, 3] (L2, y] (1]
d, x] (3, Y] [1]
d,z,y,lg,lz} LL] 1
d,y,l3, 5] x, 2| 1
d, Yy, 13] lg, €T 1
d,y| I3,z 1
d, z, 13,15 x,y| 1
d,l3, 1] x,y, z 1
ld, 15] ll2, 2, y] (1]
[d] 13, 7, y] [1]

For instance, let us consider one of the generic branches of the computed Grobner
system as shown below:
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N = [.’172—|—y2 — dz]

W = [d,la,13,d* 4 2°]

ds| + xr,c1d — Jrrz—ﬁ—@'z—llzeg—}—lg‘;;—z
ngg#‘lg*d 2(‘2(1!."2*2:!2932+d2+-"2 ]2+Z-
44212 9§+48292z 4d3l192z—4l292z+4b.’{93z—41293z +
d* — 2d2.!2 2d212 + 2d?2% + 13 — 21313 + 21222 + 1 — 21322 + 24

G =

Let's analyze and examine this triple where N =[x%+y?—d?] and W =
[d, L,,15,d? + z?%] represent null and non-null sets, respectively. This implies that if x? +
y?2—d?=0andd # 0,1, # 0,15 # 0,d? + z2 # 0, the set G below is a Grobner basis with
respect to the parametric constraints:

dsy +z,c1d — vy, (’ﬁ + ej — 1,189 + 383 — z,
sz + 13 — d —2¢2dly — 2losoz + d* + 12 — 12 + 22,
4d2l2 55 + 4[2 szz — 4dslosez — 4[2 S92z + 4531252:4 — dlys02°+
d* — 2d213 — 2d213 + 2d?22 + 15 — 21312 + 21322 + 13 — 21222 + 24

G:

After replacing the parameter values l, = 3.5, I; = 5.5, (x,y,2z) = (3,4,6) € R3in
the Grobner basis G that satisfies N and W, we obtain the following set of polynomials:

( 551+ 3 =
5c1 —4 =
c% + 3% -1 =
5.583 4+ 3.559 — 6 =
5.bcg + 3.5¢9 — 5 =
—3bco — 4289 + 43 =
208953 — 361s2 + 624 = 0

S oo o o

Upon solving the system comprising 7 equations, the outcomes are as follows:
s3 = 0.9580021314 and c; = 0.2867610787
s, = 0.2088537935 and c, = 0.9779468763
s; =—0.6 and ¢; =08
s3 = 0.4548145601 and c; = 0.8905861642
s, =0.9995771198 and c, = 0.02907888479

S1 = —-0.6 and L = 0.8
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Consequently, corresponding to these solution sets, two distinct scenarios emerge for
the angle between the arms:

0; = 73.333585444° and 6, = 12.05519009° and 6; = —36.86989764°

0; = 27.053003323° and 6, = 88.33366771° and 6; = —36.86989764°

Conclusion

Solving the problem of inverse kinematics in robots is similar to many other interesting
applications that can be explored using the Grobner system. These systems can be
utilized in image processing, cryptography, biochemistry, automated geometry proving,
and other fields where complex algebraic problems necessitate the analysis of different
conditions. Through the use of computer algebra techniques, researchers and engineers
can effectively analyze intricate calculations and discover solutions to practical issues.
The versatility and analytical capabilities of Grobner systems have established them as
valuable tools in various scientific and engineering domains. An exemplary application
of computer algebra techniques in engineering sciences is the automatic calculation and
analysis of all singularities in the studied Romin robot.
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[d.a, 15, 2,1y — l3,l2 + 13] —Al3syz + Alaidsaz — 4d213 + 13 — 20312 + i)
[=2 + 42 — d?], [ds1 + x,crd — y, €3 + 53 — 1,las2 + 353 — z,cala + I3 — d, —2cpdly — 2as2z + d*+
[d. 2, I3, d? + 22] l% - l§ + 22, 4d9l§s§ + AE%s%zz — dd?lps92 — 41%322 +4Igl§32z —dlgsg2d +dt — 25!213—
2dA 2 ad222 e ol ol s ldz A ]
2,13, 12],[d, —d® + 2% +37] dsiy +z,c1d — y, —d® +x° +y°
3,02), [d, z, —d? + 2% + y?] dsy +x,c0d — y, —d? + a2 + 4%
Ia], [d, la, —d® + 2% + 7] dsi + z, c1d — y, —d°
1. [d, 15, —d? + =% + 4] ds) + z,c1d — y, —d® +x2 + 42
d,z, z, 13,12, y] 1
I3, 1], [y. 2] 1
I3], [l2, 9] 1
3, 4] 1
.z, 4, b, 2], [2] 1
d.y, 1y, o], [x, 2] 1
d.y, 3], [l2, x] 1
d, yl, [13,7] !
d.z. l3.12], [®,y] 1
d.l3,l2], [z, y. 2] 1
d. i3], [l2. 2, y] 1
d], [l3, «, ) 1
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L5 ilsi o 5555 MalS &y g YU iz SaS & 139351 bl se CoblEaS VAT Slowlone ol (sl
WZZ = [d,lz,l3,d2 +Z2], N22 = [x2 +y2 _dZ] UT)QJWJ;@).E))QU(GMUQM

S aS canlbize o ol aiiws
X2 +y2—d2=0,d#0,l, # 0,13 #0,d> +2z% # 0

oolios Gop 151 a5 col oas 1S3 o ymal )y baylyds 4y o B0 5 a4l 15 o olS5T

[ds1 + z,c1d — v, cg + s% —1,l2s82 +1l3s3 — z,c2la + 13 — d, —2cadla2 — 2las2z + a2+
12 —12 4 2%, 4d%12s3 + 4135227 — 4d?las0z — Al5soz + AlalZsaz — dlasgz® + d* — 2d%13—
2d%12 + 2d%22 + 13 — 20313 + 20322 + 1§ — 21222 4 2%]

oo se 58 Sl Glsieas Noo, Wop 520l 5 she lulys asgerme 4y a2 b b
[, =35, [3=5.5, (x,v,z) = (3,4,6) ER3
i)l G2z oS &l jo polie cnl )00 5l

[5s1+3,5¢1 —4, 3 +53—1,5.555+3.555 — 6, 5.5¢3+3.5¢3 — 5, 43 — 35¢5 — 425, 624 — 361255 + 298953

r 551 + 3 _ 39 o0 ) Sl Can olSiws S 4y i oS

bep — 4 —
cA+s2-1 =
{ 5.5s3+3.555—6 =
5.bcg 4+ 3.5¢9 — 5 =
—35cy — 4259 +43 =
| 298953 — 36152 + 624 =

jen R s B e B e i e i an i e |

g oo Jol> Clgz dcgezme dilwd g3 oliws (pl o

s3 = 0.9580021314 c3 = 0.2867610787
s9 = 0.2088537935 o = 0.9779468763
S1 = —0.6, C1 = 0.8

s3 = 0.4548145601 c3 = 0.8905861642
s9 = 0.9995771198 co = 0.02907888479
S§1 = —0.6, C1 = 0.8

5oy
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03 = 73.33585444° and 62 = 12.05519009° and 6, = —36.86989764°
or
03 = 27.05300333° and 6, = 88.33366771° and 6, = —36.86989764°

el cpl jo g aiied [Ye] ;08 4l 6o a5 w0 | 65l slacls ¥ Joam SLL cans, VY 5o
lnLu)...»)f olKiws &4544. Cj‘ﬁ B aw s..a\g:? 238 209y ub) S Jo.a L) .'03_.!).@ L5‘4.L<>.>‘.x.».'> oKiwo

RO u..JLN A LJSJ} B aS Wiloos MLZA C.JLos;‘ )sja.» 9y ul)) Gi":x oYl

9y ula) LSiHS" oY YJ}&

| Null Sets || Not Null Sets || Grébner Bases |
[d,Z,I,lg,EQ] [y] [1]
d,w,lg,lzl Uy, Z} 1
d, xr, l‘j} lg, y ].
d, ] I3,y 1
d, z,y, 33,12} .L] 1
d,y,l3, 2] x, 2 1
[d,y, 5] (2, 7] [1]
d,y| I3, 2] 1
d,z, 13,12 x,yl 1
d,l3,15] x,, 2| 1
d, lg] 12, T,y 1
d] I3, 2,y 1

S 5 oS
loolSins 5 oolizl b ol o |y Al 6loo S 51 (6 lomms Aol 53 osSne Seilaips dliuno > aile
ool ¢ e lgie 4 5,5 oy Slagil g 355 SalS Bl 5 iy gl SalS gl b i 5

o Jlas ()1 )3 a5 s sloare 51 sk 9 o (650, gl G310 p 50 Gl sa ]y 0,8
uLu.?m Q_g)."{s.:;.alfﬁ:? L_‘?L""S%:-;SS (5);)[5.3 L Sg05 oolarwl ‘..\3)L> .la.l‘).m ol Yl J.:.l;u AJ)Lu S

Q)ﬁ.wgdoﬁ)wbﬁud‘ﬁ@l&& o‘)ﬁoa;}y”i—‘é.‘bl)c\g bo% uubuulywouw9
ool 00,5 oS wdige g pole calitee sloans, jo aied)l gyl a0 ) Ll 0,5 sleelKiws Lo
SCSaSS 8,15 et )| Brobas 51 (S oo andllas (e, b,y (K5 Yl plod 5055 5 IUT g alne

ol (e pole )3 (6 FgnnslS o
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