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This paper presents a novel robust solution to the problem of model
predictive control for a nonlinear, discrete-time rocket in the presence
of finite disturbances. First, a mathematical model for the rocket in the
state space was presented. Then, the basic equations of a typical six-
Degree-of-Freedom airframe dynamics (6DoF) were separated as
lateral and longitudinal dynamic equations. Linearization of these
coupled dynamics was presented by using aerodynamic coefficients.
Next, an augmented Model Predictive Control (MPC) was designed by
using an observer to estimate states and disturbances, allowing the
controller to reject disturbances. Application of the disturbance
observer leads to the definition of a new state space and domain for
MPC, which was considered in the present research. The predictive
model control problem for the uncertain system was solved in finite
time and online, and the decision variables were the initial states and
disturbance estimations. Finally, the performance of the developed
method was evaluated by simulation.
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EXTENDED ABSTRACT

Introduction

Model predictive control (MPC) is a well-known method for controlling industrial
systems with delays and constraints. In recent years, predictive model control methods have
been developed for robotic, chemical, aerospace, and oil refinery applications. At each
moment, the predictive controller has to solve a constrained optimization problem. The
development of MPC methods and the significant progress of processors have made it
possible to develop this method for aerospace applications. To apply the MPC method to a
rocket, two main challenges of robustness and stability of the problem should be
considered. In most predictive model methods, there is a strong dependence on the initial
states, and in case of deviation from the considered positions, the control algorithm cannot
be used. In recent years, modern techniques such as neural networks have been used in the
improvement of predictive control based on nonlinear systems models. In these methods, it
is assumed that the nonlinear system model is not available accurately and learning is used
to remove the uncertain part of the system model. This paper considers the two main factors
of robustness and applying observer for removing widespread application of Model
Predictive Control in high-tech industries such as rockets. The main innovations of this
research are the two items listed below:

— A complete model of a rocket is selected and is presented as the main system for
implementing the robust model predictive controller.

— Applying the observer for the robust predictive model algorithm was developed. The
system’s model is considered an augmented model with disturbance. Predictive
model calculations were developed for the new problem and finally, the performance
and stability of the system were investigated along with simulations.

Methodology

This section presents the mathematical model for a rocket’s autopilot. The basic
equations of a typical six-Degree-of-Freedom (6DoF) were considered and separated as
lateral and longitudinal dynamic equations.

Figure 1. The forces acting on a rocket.
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The decoupled 6DoF rocket’s equations could be linearized and transformed into a state-
space model by a computer program such as MATLAB. The linearized state space of the
decoupled 6DoF equations in a generalized form is presented as follows.

% = fi(xq, e 2, 1)
X = fo(%1, 0, Xn, 1)
X3 = f3(x1, .0, Xn, W) (@8]

Xn = fu(xq, o, X, U0)

This section transforms the model predictive control of a rocket in the presence of
disturbance into a new problem with a higher order by augmenting disturbance dynamics.

[x(t+1) _[61 /E xa(t)+[g]u(t),}’(t)=[c Ty] x4 (£)

d(t+1) L0
xq(t+1) Aa Bq ¢
X (t+1) = Agxa (6) + Bau(®), y(£) = Cox(t) (2)

x(t), u(t), d(t) and y(t) are the state, input, disturbance, and output vectors,
respectively. For disturbance e(t) € E (the observer is stable and its error is bounded) and
the discrete-time system x,(t + 1) = f(x,(t), d(t)), the set Z is a disturbance-invariant
set, if the relationship f(x,(t),e(t)) € Z holds for all x,(t) € Z and e(t) €EE. Z is a
disturbance invariant set for the following additive system.

Xo(t+1) = Agxy(t) +e(t)

The system is controlled by the control law x,(t + 1) = A x(t) + Byu(t) + e(t).
Xo(t+1) =Ayx,(t) + B,u(t) is considered as a nominal system without disturbance. If
xXq(t) € X, (t) B Zand u(t) = u(t) + K(x,(t) — ¥, (t)) holds, then

x,t+ 1) ex,(t+1)PZVe(t)EE

It states that the feedback law u(t) = u(t) + K(x,(t) — x,(t)) leads to maintaining
the state x(t) of the uncertain system x,(t + 1) = Agx,(t) + Byu(t) + e(t) becomes
close to the state x,(t) of the nominal system x,(t + 1) = Agx,(t) + B,u(t) + e(t) (for
all (), x,(t) € x,(t) B Z if x,(0) € x,(0) @ Z). In the predictive model controller, the
solution of the optimal control problem is used, in which the initial state of the nominal
model is a decision variable. The predictive model control problem (Py(x,))) is a
constrained optimization problem to find the optimal control sequence u®. The Py (x,)
problem is:

VN (xq) = min{Vy (xq, u)|u € Uy (x0)} 3

u(x,) = argmin{Vy (xg, wu € Uy (x,)} (4)
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The cost function Vy (x,) is defined as follows.
Vu (g, w) 2 Z55H (g (1), u(@) + Vy (xa(V))- (5)

For each i, x, (i) = ¢,(i; x4, u) and Uy (x) is a set of control sequences that satisfy all
control constraints, state and final constraints as follows.

ut)eU2UBKZ te{01,..,N -1} (6)
x,()EX2X6Z tef{01,..,N -1} )
xyEXrcXOZ tef01,..,.N-1} (8)

X contains the final set of constraints for Py (x,). The explicit solution to the robust
model predictive control of the uncertain system is:

Ky (xa () 2 ug(xa(8)) + K (xa (1) — x5(xa(t))) 9

We have shown that the set Z is asymptotically stable for the system x,(t +1) =
Ax,(t) + Bry(x,(t)) + d with d € D and its region of attraction is Xy.

Results and discussion
The reduced order and linearized model of a racket is defined as follows.

0 9 0
[ ] [ 14.7805 0 0.01958 3.4858 14. 7805 ] [ + Agd(t) (10)
100.858 1 —0.1256 2042 —94.8557

The constraints of states, disturbance bounds and variables of the MPC problem are
defined in the current paper. The predictive model controller is calculated using Matlab
R2020a software toolbox. The set Z satisfies the finite set constraint X as an approximation
of the set. The results of a scenario of implementing the robust model predictive controller
without applying the disturbance observer for the simulated rocket are shown in Figure 1.
The same scenario was simulated for the method developed in this research and its results
are presented in Figure 2. As it is clear in these diagrams, the performance of the robust
predictive model control method guarantees invariance against the disturbance.

Conclusion

In this research, a robust predictive model control method was developed for high
technology applications. For this purpose, the system model was linearized around the
operating point, and then an augmented linear model of the system states and disturbance
was considered. Next, the control relationships of the robust predictive model were
developed for this system and the developed algorithm was applied to a rocket model. The
results of the simulation showed that the application of the proposed method has an
acceptable performance for complex systems.
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Figure 2. y(t) and ut(t) for a scenario of applying
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Figure 3. y(t) and u(t) for a scenario of applying
robust MPC with a disturbance observer.
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