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Different categories of materials such as elastomers, polymers, foams
and biological tissues exist that can show large elastic deformations
under small stresses (compared to solid materials such as metals). By
assigning a strain energy density function for this class of materials,
their nonlinear behavior can be studied. In the current study a strain
energy density function for transversely hyperelastic material was
proposed and its coefficients were approximated (using least square
error) by incorporating experimental results into the model. Expected
deviations between the proposed model and the experimental results
for the fibrous layer of articular capsule, ligaments, and the human
knee tendons were bounded by 1e-5 MPa and 1e-7 Mpa, respectively.
The proposed strain energy density function was a function of two
invariants with greater accuracy than the proposed one by Qiu and
Pence, Merodio and Ogden and Guo et al. which uses a strain energy
density function with only one invariant. Using the strain energy
density function, a closed analytical form independent of integrals
terms for expressing the stress within a thick-walled cylindrical tube
for transversely isotropic hyperelastic materials, that has similar
mechanical behavior to that of a human artery, was derived. Stress
analysis and investigation of deformations were carried out taking
into consideration artery like structures with both ends open and
closed while under axial loads.
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EXTENDED ABSTRACT

Introduction

Different categories of materials such as elastomers, polymers, foams and biological
tissues exist which can show large elastic deformations under small stresses (compared to
solid materials such as metals). By assigning a strain energy density function for this class
of materials, their nonlinear behavior can be described. In the present study, a strain energy
density function for transversely hyperelastic materials was introduced. Using the strain
energy density function, a fully analytical solution devoid of integral terms for stress
distribution within the walls composed of transversely hyperelastic materials was derived.

Methodology

By assigning a strain energy density function for this family of materials, their non-linear
properties were investigated. In the present study, the parameters of the corresponding
strain energy density function were introduced and calibrated. The constraints governing
the strain energy function were as follows: strain energy density function should not be
negative for all deformations; the value of the strain energy density function should be zero
when there is no deformation; the value of the strain energy density function should have
its minimum value at the time of no deformation when there is no loading; the value of the
strain energy density function should be per A1=0 or A2=0 or A3=0 and also A1=00 or A2=00
or A3=00, must be positive and definite, and for the first case, the external loading must be
infinite negative (compression) and the second case must be positive (tension); and the
energy density function should represent non-isotropic effects, or in other words, they
should be a function of Jsand Js.

+C1(2/,(13 — 3iy) — J5(i7 — 3i3)) + Co(2)u (i3 — 3iy) — J5(iF — 3iy))
i1 and iz are the first and the second invariants of the right Cauchy-Green tensor U. Js and

Js are the invariants of the strain energy density function for the transversely hyperelastic
materials and el, el, c1, c1 are material parameters which vary from material to material.

Table 1. Material parameters for fibrous ring layers.

Parameter
(Mpa) RSS el e2 cl cl
VLe 375-107° -213440.0311 2662402653 -17585.1104 -67694.3077
VLi 6.7-10°8 -404.1585 544.0088 -46.4650 -286.7046
Di 4.76-107° -85.7116 97.1430 -3.4735 0

Analysis of the Transversely Cylindrical Tube: Assume a cylinder with the inner radius
A, outer radius B, structural fiber angle of \alpha under the internal pressure Pi, external
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Pressure Po, axial force N, and the torsional torque of M. Axial force and the torsional torque
are given by equations 2 and 3, respectively.

B Q 2mcQA, d _
N = -0 @ =072 0,(Q)dQ, Q=-— (2)
Qo
N = (AZECQQA 22 0,(Q)dQ — ma?AP(Q), AP =P; - P, (3)

where ¢ =a? A 'A?and A, is the axial elongation. The cylindrical coordinate is

comprised of:

(4)
m = (MR' MB' MZ)

b
M :J- 2mrloy,(r)dr (>)

Results and discussion

Stress and strain analysis were conducted on cylindrical tubes subjected to axial forces.
Effects of various parameters, namely wall thickness, elongation due to prestressing, and
mechanical properties of the material, on their deformation for Az=1.1 and n=0.5 are
depicted in Figure 2. Consider an open cylindrical tube and a closed cylindrical tube under
axial force N and internal pressure P so that the longitudinal strain is constant during
loading. It is clear that the stress distribution and the pressure diagram according to the
circumferential elongation are the same for both open and closed states, and only the axial
force required to keep the length of the tank constant while applying pressure to the two
open and closed states can be different.

Figure 1a shows the distribution of peripheral stress in terms of R for spiral fibers with
different angles and Figure 1b shows the diagram of pressure in terms of circumferential
elongation for a tank with spiral fibers for different angles of the fibers 0, 30, 45, 60 and
90 degree. According to Figure 1b, it can be observed that the amount of pressure required
to reach the same elongation in tanks with circular fibers is much higher than with
longitudinal fibers.
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Figure 1. a) Environmental stress distribution; b) Circumferential compression-tension for spiral
fibers with different angles of 1, 2, 3, 4, 5, respectively a = 0,%,%,2,%

Furthermore, the axial force required to keep the length of the tank constant for two
states of open and closed tubes for spiral fibers with different angles is presented in Figure
2. According to the diagrams in Figure 2, which is the diagram of the axial force to maintain
the Az=1.1 constant, the amount of force is positive (tensile) with the increase of the internal
pressure and with the further increase of the internal pressure, the length of the cylinder
exceeds the Az=1.1, and a negative axial force is (compressive) required to keep constant.
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Figure 2. Axial force, with spiral fibers of different angles 1,2,3,4,5 respectively a = 0,%,%, ,ga)

closed tank and b) open tank
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Conclusion

First, a general form for the strain energy density function of laterally incompressible
isotropic materials was presented based on the collective decomposition of the strain
energy function, which included the energy stored in the base material and the energy
stored in the fiber. The good agreement between the results of the proposed energy function
and the experimental tests performed on different materials showed the high capability of
the proposed energy density function in modeling the deformations. Finally, the focus was
on thick-walled cylindrical tubes made of laterally isotropic materials. To solve this problem,
the presented strain energy density function was used, and finally, the analytical solution
was obtained without the existence of an ambiguous integral term.
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