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Integral equations are widely used in various branches of mathematics and
mathematical physics, and many problems of initial value and boundary
value which are related to ordinary and partial differential equations can be
converted to integral equations and then be solved. The explicit methods
generally provide a good approximation of the answer to a stiff problem if
there are too many node points. However, from the computational point of
view, this is not acceptable nor cost-effective. Because it requires high
computational costs and more time for evaluations, implicit methods are
proposed, in which to obtain an approximate solution we must solve a
nonlinear system of equations using the Jacobin method. In addition, by
increasing the number of nodes and increasing the matrix dimension,
examining convergence and stability is a serious problem. In this paper, a
hybrid explicit method based on the parametric iteration method and the
spectral collocation method was developed for simulating the solution of the
nonlinear stiff Volterra’s model for population growth of a species within a
closed system. The method derived here has the advantage that it does not
require the solution of nonlinear systems of equations encountered in the
Jacobian evaluation. The results obtained in the present work demonstrate
excellent performance of the developed method.
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EXTENDED ABSTRACT

Introduction

Volterra’s model for population growth of a species within a closed system is given in [4,
5] as

i bp? fT (x)dx, p(0)
=ap—op~—cp | px)ax, p = Po
63) dT 0 0

where a > 0 is the birth rate coefficient, b > 0 is the crowding coefficient, and ¢ > 0 is the

toxicity coefficient. The coefficient ¢ indicates the essential behavior of the population

evolution before its level falls to zero in the long term. p,, is the initial population, and p = p

(T) denotes the population at time T. This model is a first-order integro-ordinary differential

equation where the term cp [0T p(x)dx represents the effect of toxin accumulation on the

species. Scale time and population were applied by introducing the nondimensional
b

. T . . :
variables t = f andu = : to obtain the nondimensional problem

du ¢
(2) k—=u—u?- uj u(x)dx, u(0) =u,
dt ,

where u(t) is the scaled population of identical individuals at time ¢, and k = ¢/(ab) is
a prescribed nondimensional parameter. The only equilibrium solution of Eq. (2) is the
trivial solution u(t) = 0 and the analytical solution [6]

1
u(t) = ugexp (Ef
0

shows that u(t) > 0. forall tifuy, > 0.

t T

1—-u(zr) - f u(x)dx] d‘r),

0

Methodology

The parametric iteration method (PIM) provides the solution of a nonlinear equation as
a sequence of approximations. The method gives convergent successive approximations of
the exact solution if such a solution exists; otherwise, approximations can be used for
numerical purposes. The idea of the PIM is very simple and straightforward. Here, the
objective was to suggest an explicit iterative approximation based on the PIM. The change
of variable

t d
v(t) =f u(x)dx,av(t) =u(t)

yields an equivalent system of first-order nonlinear ordinary differential equations
(ODEs) as below:
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v =u, v(0) =0
3) 1

u —E(u—uz—uv), u(0) = uy.

The above nonlinear system was solved for u, = 0.1 and various values of k. It should
be indicated that the nonlinear system (3) becomes increasingly stiff as the corresponding
parameter within the frame of system is decreased. Now, to explain the basic idea of the PIM,
the nonlinear system is first written (3) as below:

v 0 % v (1) v(0) 0
(4) [u’l =10 - [u ] + |- (—u? —vuw) ,[u(O)l = [0.1]
K K
or, compactly,
5) U'= AU+ B(t,U), U(0)=U,,
Then, (5) was considered as:
(6) LIUOI+NU@D] = g,

Since the PIM provided the great freedom of choosing the auxiliary linear operator L, the
following form for (5) was considered:

LIU®)] =U"+ AU,
) N[U(t)] = =2AU — B(t, U),
git)=0.

Thus, the explicit parametric iteration formula for solving (5) was as follows [2, 3]:

©) LUps1(t) = Up(D)] = hA[UR(D)],

with the initial condition

) Un41(0) = Uy, ¥Yn =0,
that
(10) AU, ()] = L[U, ()] + N[U, ()] — g(t) = U," — AU, — B(t,U,),
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and the subscript n denotes the nth iteration, and UO(t) is the initial guess, which can be
freely determined from solving its corresponding linear homogeneous equation or linear
nonhomogeneous equation i.e, L[Uy(t)] =0 or L[Uy(t)] = g(t). Thus, the following
explicit scheme was derived for solving (3), which was called the spectral PIM [3]:

(11 { 25emL[UN, 1 (tN) — UN ()] = heA[UN (tM)),
ul,,(0)=U, n=0, k=01,...,N,
Therefore, the following explicit piecewise spectral PIM formula for solving the system
(11) was obtained:

(12) wiett = (14 e+ L (Nu > — g, = 1,2
In using algorithm (12), the best possible initial approximation that satisfied the initial
conditions was chosen.

Results and discussion

In this section, several stiff cases of the system (3) are analyzed to show the efficiency of
the proposed method for approximating the solution of Volterra’s population model by
comparing with numerical method. As mentioned above, the nonlinear system (3) becomes
increasingly stiff as the corresponding parameter x within the frame of system (3) is
decreased. To investigate the valid region h of the solution obtained via the spectral PIM
algorithm (12) when N = 15 for the system (3) with k = 107*, the curve of u’(0) with
respect to h was plotted as shown in Figure 1. According to this curve, it is easy to discover
the valid region of h. It is usually convenient to investigate the valid region h of the PIM by
means of such types of curves. In view of Figure 1, one can easily discover the valid region
of h, which is almost h € (—1.5,—7.5) for this problem.

30.55 T T T T

305 b

W (0)

30.45

Figure 1. The valid region h of the spectral PIM when N =15

Moreover, as mentioned above, an approximate optimal value of h can be found by
estimating the residual error Res(h) in a sequence of values h as the value of h with the
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lowest residual will be the approximate optimal h. Figure 2 shows the approximate optimal
value of h of the spectral PIM when N = 15 and also the corresponding error of the solution
for the approximate optimal h (i.e., h = -1:79 with two decimal digits).
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Figure 2. The approximate optimal h and the corresponding error of the solution
Conclusion

In this paper, an explicit algorithm based on the parametric iteration method and
spectral collocation method was proposed for solving Volterra’s population model. A
considerable advantage of this method is that it is an explicit method for solving the
resulting stiff system. The proposed explicit method is easy to implement, accurate when
applied to this stiff, nonlinear Volterra model.
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