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Group G is called metacyclic if it contains a normal cyclic subgroup
Nsuch that the quotient group G/N is also cyclic. In this paper, two
conjectures proposed by Abdollahi et al. (2006) for a family of finite
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determined. The first conjecture of Abdollahi et al. for the three
families of the classified groups was proven to be true. Likewise, the
second conjecture held for some restrictions on the parameters of
groupG. Finally, it was demonstrated that there were non-
isomorphic p —groups with the same non-commuting graphs.
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EXTENDED ABSTRACT

Introduction

In the recent years, investigating algebraic properties of graphs corresponding to groups
and rings has become an attractive research. Suppose G is a nonabelian group, the non-
commuting graph I'; of the group G is defined as the graph, whose vertex setis G\Z (G )
and two distinct vertices X,y are connected by an edge if and only if Xy # yx. The idea of
non-commutative graphs is derived from the old question of Erdos on the size of graph
clicks, which was answered positively by Neumann . Recently, this topic has been studied by
many researchers. Abdolahi et al. have given the general properties of these graphs and
proposed the following two conjectures.

Conjecture 1: If H and K are two finite non-abelian groups and I'; = Iy, then |H| = |K].

Conjecture 2: If H and K are two finite non-abelian groups and K is simple such that
I'; ~TIy,thenH =~ K.

Although the answer to the above conjectures is generally negative, they are true for
some classes of groups. In this regard, Abdollahi et al. have given a positive answer to
Conjecture 1 for various classes of groups. On the other hand, Abdollahi and Shahvardi also
showed that whenH and K are two nilpotent groups with non-commutative irregular
graphs, then conjecture 1 is true. Moreover, Darfesheh proved that if H or K is a non-
abelian finite simple group, then conjecture 1 holds. Likewise, if H orK is a finite non-
abelian group such that satisfies the Thomson's conjecture, then conjecture 2 is true.
Abdollahi and Shahvardi also showed that ifH or K is an alternating group, then
Conjecture 2 is true. On the other hand, Derfeshe and Yousefzadeh proved that if one of the
groups H or K is symmetric, then conjecture 2 is true. In addition, Zhang and Shai showed
that Conjecture 2 is true when it is isomorphic to the simple group L,( 9). Recently, Solomon

and Walder proved that if H or K is a finite simple non-abelian group, then both
conjectures are true.

A group is called metacyclic if it contains a normal cyclic subgroup such that the quotient
group is also cyclic. In this paper, two conjectures proposed by Abdollahi et al. for a family of
finite non-abelian metacyclic prime power groups were investigated. The metacyclic groups
were categorized into three types of the non-isomorphic groups. Next, by using the size of
centralizers and also equality of the conjugacy vector type ctv(G) of these groups, necessary
and sufficient conditions under which two non-abelian finite metacyclic prime power
groups have the isomorphic non-commuting graphs were determined. The present research
proved that the first conjecture of Abdollahi et al. for the three families of the classified
groups is true. Likewise, the second conjecture held for some restrictions on the parameters
of the groups. Finally, it was shown that there are non-isomorphic groups with the same no
commuting graphs. In this paper, two conjectures proposed by Abdollahi et al. for a family
of finite non-abelian metacyclic prime power groups were investigated.
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Methodology

A group is called metacyclic if it contains a normal cyclic subgroup such that the quotient
group is also cyclic. The metacyclic groups were categorized into three types of the non-
isomorphic groups. Next, by using the size of centralizers and also equality of the conjugacy
vector type ctv(G) of these groups, the necessary and sulfficient conditions under which two
non-abelian finite metacyclic prime power groups have the isomorphic non-commuting
graphs were determined. It was also proven that the first conjecture of Abdollahi et al. for
the three families of the classified groups is true. Likewise, the second conjecture held for
some restrictions on the parameters of the groups. Finally, it was demonstrated that there
are non-isomorphic groups with the same non commuting graphs.

First, a class of finite p-groups which is called metacyclic groups was introduced
as follows:

G = (a,bla?™ = 1,b?" = a¥,bab™ = a"), (A)
where, p™|r?" —1, p™|k(r —1),0 < r,k < p™and m,n > 0.
Beuerle's classifications were divided into three different classes of finite p-group as Types 1,2 and

3 as below.
Type 1. If B 2y>1 and p is an odd prime oro.—y > 2, we have

G =GBy ¢ =(ab:at’ =1,b"" =ap" qb = q?*"Yy, €8

for some «a, B, ¢, 7.
Type 2. Fora = 2

G =G(pB,0¢) = (ab:a? =1,b* = a2 ab =a ). ()
Type 3.Fory>0 and a—y>2
G =GBy e =(ab:a? =1b% =a? " ab = azu_y_l). (3)

These groups were studied by their centralizers. The notation [b,a] = bab™la™! =
a’a=' = a*~! is the commutator of elementsa andb. The element a is conjugate to b in
G , if there exists an element g € G such g~tag = a9 = b.

The type of a metacyclic p-group G is denoted by Type(G) and the notation D(I'g) is
used to show the set of all degrees of vertices of the graph and CTV(G) represents the set of
all conjugacy class sizes of G.

Results and discussion

Necessary and sufficient conditions were given for two prime power metacyclic
groups to have isomorphic non- commuting graphs. It was proven that if Hand K are two
groups with the same orders and I'y = I, then ctv(H) = ctv(K). It was supposed that

637



Kayvan Moradipour and Sanaz Asadi Rahmati Finite Groups with Non-Commuting Graphs

H = H(a, B,y, €) is a non-abelian metacyclic p-group and K = K(a,8,v,¢) is a non-
abelian metacyclic g-group. Thus, if |Z(H)| = |Z(K)|and |H| = |K|, then T'; =T . The
main result showed the investigation of the necessary and sufficient conditions under
which two non-abelian metacyclic p-groups have isomorphic non-commuting graphs.
This result is stated below:

For to non-commuting graphs I'y and 'y we have 'y = I'kif and only if one of the
following holds:

(1) if Type(H) = Type(K) = 1,thena+ B =a + f andy =y

(2) ifType(H) = Type(K) = 2,thena = a'andf = .

(3) if Type(H) = Type(K) = 3,thena =a ,p=p andy =V’

(4) if Type(H) = 1and Type(K) = 2,theny =1,a =2andf =a +f — 2.

(5) if Type(H) = 2 and Type(K) = 3,thena =a >3, = andy = 1.

Conclusion

It was proved that if the non -commuting graph [ of the on-abelian metacyclic p-group
H and the non-commuting graph I of the on-abelian metacyclic g-group K are isomorphic,
then H and K have the same orders and centers. It was also proved that the conjecture 1
proposed by Abdollahi et al. holds for two prime power metacyclic groups. It stated the
necessary and sufficient conditions under which two non-abelian metacyclic p-groups have
isomorphic non-commuting graphs. In addition, it was shown that there are non-
isomorphic metacyclic p-group groups with isomorphic non- commuting graphs.
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