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EXTENDED ABSTRACT

Introduction

In convolutional coding, message sequences are blocks of length k that are converted
into code sequences of length n under the coding process, where k < n. This assignment
between messages and codewords should be a bijective function to enable unique decoding
for each message. Each output code sequence is generated by the current and previous input
elements. Each given message sequence simultaneously enters the encoder and produces a
specific code sequence such that there is a one-to-one correspondence between message
sequences and code sequences. In linear cases, source alphabet is the finite field GF (q) and
the message sequences and code sequences belong to the vector spaces GF(q) ¥ and
GF (q) ™, respectively. Unlike block coding, each code sequence is dependent on the message
sequence at the same instant i and on the previous inputs at the instants i — 1,:++,i — K,
where K is the level of memory. A convolutional code with parameters n, k and K is denoted
by Ceony (1, k, K).

A significant part of convolutional encoders is linear sequential circuits, which are
constructed using memory units, adders and scalar multipliers. Such circuits are called as
finite state sequential machines (or FSSMs). The FSSMs are analyzed usually by the rational
transfer functions G(D) = C(D)/M(D), where M(D) and C(D) are polynomials
corresponding to the messages and codewords, respectively. The rate of C,,, (1, k,K) is
R, = k/n. In this paper, the convolutional encoder shown in Figure 1 was considered. At
each instant, one bit m was entered into the encoder and the pair (c(l), C(Z)) was produced
as output. This encoder represented a class of convolutional encoders. The transfer
functions, state diagram and modified state diagram were obtained. The generating function
was computed and it is seen that the largest minimum free distance, which appears only in
two situations, was equal to 5.

Methodology
Consider the encoder C,,,,,(2,1,2) shown in Figure 1. If an input sequence is the unit

impulse = (1,0,0) , then the resulting outputs are g™ = (a,, a,, a,) and g® = (f,, f, f2)-
In addition, if the message sequence m = (my, my, m,, ...) is represented and its code

sequences ¢ = (cél), Cl(l),cél),---) and ¢® = (Céz),cl(z), c2(2),---) by the polynomials
M(D) = mg + myD +m,D% + -, COD) = +cPD + VD2 + - and P (D) =
C(()Z) + cl(z)D + c§2)D2 + ---, respectively then C(D) = M(D)G(D), where C(D)=
[V (D) c@(D)]and G(D) = [¢ (D) GP(D)]. Here, G(D) is transfer function matrix,
GOMD) =ay+a,D+a,D?* and GP(D) = fy + f,D + f,D?. The matrix G(D)y, is
invertible if there exists an inverse matrix G =1 (D), such that G(D)G~*(D) = D' foral >
0. It is proved that G™1(D) exists if and only if (G(l)(D), G(Z)(D)) =D!'foral=>0.A
convolutional code is non-catastrophic if G 71 (D) exists.

The state diagram of C,,,,,, (2,1,2) is shown in Figure 2. There are four states S, = 00,
S, = 10,5, = 01and S; = 11 and moreover, input values are either 0 or 1. It is not possible
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to move from a given state to any desired state. This is useful in the error correction and
decoding process because it causes some transmissions to be ignored. The modified state
diagram is obtained by making changes to the state diagram. The modified state diagram
starts from S, and ends at the same state. Arrows entering and exiting states are denoted by
X!, where i is the weight of the corresponding code vector. The weight of each path between
states is equal to the sum of powers of the variables. Hence, the paths with the smallest
weight yield the minimum free distance. Seta; = a; + f; , a;; = (a; © ;) + (f; D f;) and
o1z = (ag B a; B ay) + (f, @ f1 D f>) and see Figure 3.

Results and discussion
The generating function for a code C is defined as T(X) = ). f: o AiX t, where 4; is the

number of sequences of weight i in C. Again, consider the code C,,,,(2,1,2). If a
convolutional code is non-catastrophic then its generating function can be obtained using
Mason's rule. Using the modified state diagram, we have

S, = X%+fo 4 X(a()@az)‘*'(fo@fz)sw
S. = Xa1+f15b + X(a1®a2)+(f1®f2)5d,
Sy = X(ao®a1)+(f0®f1)5b + X("-o@a1®a2)+(fo®f1@fz)sd'

T(X) = X%*tf2§,,

e

C(Z)

Figure 1. The convolutional encoder C,,,, (2, 1,2) in general case.
o0/00

1/ag.fp % 0/a.f,
C S4=00 I

1/a,@a,.fef;

0/ayf;

[s,=11

1/a,@a;.fr@f; 0/a,@a,.f;ef,

1/a,@a,@0,.f,ef,ef,

Figure 2. The state diagram of C,,,,,,(2, 1, 2).

649



Reza Kahkeshani On the Generating Function and Minimum Free Distance...

x%o12

Sa_| x%

Figure 3. The modified state diagram for C,,,,(2, 1, 2).

where + and @ denote addition and addition in modulo 2, respectively. By solving the
above system of equations, we have

X %otaz (th + X@o1taiz X“1+“012)

— X @012 — X @1+Q0z — X Qo1+®o2+ 12 4 X A1+&o2+Q012”

TX) = 1

Theorem. Let C,,,,(2,1,2) be a convolutional code shown in Figure 1. For different
multipliers a4, a,, as, fi, f>, fs, we have the generating functions

X +2X*+4X3 +-,
X2 42X* +4X° +--,
X+ X+ X%+,
2X* +5X° + 13X8 +--,
X*42X% +2X6 +-,
X®42X% +4X7 +-,
where the first three terms of which are mentioned. In cases where only one of the

multipliers a, and f; is equal to 0 and the other multipliers are equal to 1, the largest
minimum free distance, which is equal to 5, is obtained.

Conclusion

In this paper, first, a significant class of convolutional encoders, namely C,,,,(2,1,2)
were considered and their transfer functions and state diagrams obtained. Then, the
generating function was computed in general for this class using the modified state diagram.
For non-catastrophic and non-degenerate states, a table containing the generating functions
and minimum free distances was presented. As it is shown, the largest minimum free
distance, which is achieved in only two situations, was equal to 5.
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